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Abstract

In this paper we have proposed a inverse model for quadratic programming (QP) problem in which the
parameters in the objective function of the given QP problem are adjusted as little as possible so that the
given feasible solution x0 and objective value zO becomes the optimal ones. We formulate the inverse
quadratic programming problem as a linear programming problem having a large number of variables,
which can be solved by many existing methods or by the optimization software like TORA, EXCEL
SOLVER etc.
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1. Introduction

The purpose of this paper is to present a brief taxonomy of an important group of
programming problems which occur in certain branches of applied mathematics. A rough
heading for these problems is Mathematical Programming Problem. Here special
emphasis is given on inverse quadratic programming problem. Recently, there has been
interest in inverse optimization problems in the mathematical programming community
and a variety of inverse optimization problems have been studied by researchers namely,
minimum cost flow problem, NP complete problems, minimum spanning tree problem,
shortest path problem, linear programming problem etc.,

Inverse optimization is a relatively new area of research and study of inverse optimization
is useful in many branches. In mathematical programming problem, the cost coefficients
are not known with precision, it is plausible to call a solution x° for minimize cx nearly
optimal if there is some nearby cost vector ¢ such that x° is optimal for minimize ¢’x. In
numerical analysis, errors for solving the system Ax = b are measured in terms of inverse
optimization. Some interesting scenario in which solving the inverse problem is faster
than solving for the optimal solution: An example is matroid intersection for
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representable matroids. For some algorithms, the solutions converge to the optimal in an
inverse manner: An example is cost scaling algorithms for minimum cost flows.

Ahuja and Orlin [1] provide various references in the area of inverse optimization and
compile several applications in network flow problems with unit weight and develop
combinatorial proofs of correctness. Zhang and Liu [17] have first been calculated some
inverse linear programming problem and further investigated inverse linear programming
problems in [18]. Huang and Liu [9] studied on the inverse problem of linear
programming problem and its applications. Amin and Emrouznejad [3] has considered
applications of inverse problem, Zhang and others [19,10] worked on perturbation
approach for inverse linear programming and inverse quadratic programming problem.
Scheafer [14] and Wang [16] worked on inverse integer programming problem.

The quadratic programming problem seeks to optimize the objective function of non-
negative variables of linear plus quadratic form subject to a set of linear and
homogeneous constraints. Zhu [20], Bretthauer, Shetty and Syam [5, 6], Helgason,
Kennington and Lall [8], Pardaloes and Kovoor [13], Land and Morton [12], Swarup
[15], Chaovalitowangse, Pardalas and Prokopyev [7], Daya and Al-Suitan [4], Al-
Khayyal [2], Konno and Kuno [11] and many researchers gave different methods for
solving quadratic programming problem.

In the following section, we describe in brief how inverse optimization is applied on QP.
In our proposed method, first we obtain the Kuhn Tucker conditions for QP. For
obtaining the required optimal solution by inverse optimization, we perturb the
coefficients of QP by c¢ to d. Now applying the complementary slackness conditions for
the given feasible solution and using standard transformation in inverse QP, it reduces to
the linear programming problem (LPP) and the reduced LPP can be solved by many
existing methods or by the optimization software like TORA, EXCEL SOLVER etc.

2.  Problem Formulation
Let us consider the quadratic programming problem

L. 1
Maximize (z) = Z cjxj + Ez- Z CjkXjXk
j€J j€j~ke]

Subject to,Yje;a;x; < by, foralli €1,j €]
and x; = 0 forallj €]

Where I and ] are the index sets of decision variables and constraints respectively and
Cjx = ¢y forall jand k.

In inverse optimization, we fix the solution x° and optimal value z° and for obtaining it,
we adjust the parameters in the objective function as little as possible so that x° become
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an optimal solution to the modified QP problem with the objective value z°. Let d be the
adjusted value of c, so the inverse problem is to minimize ||d — c||, where ||. ||is some
selected Ly norm given by |ld — cll = ¥;¢|d; — ¢;|. The inverse quadratic programming
can be formulated as:

min [Zje](aj + ,Bj) + Zje] Zk E](ijk + Bji)]

s.t.
Yker(@x = Bir) X%, — Yiep liaij + & — B+ 1 = —¢j — Yker Crex®y forallj €L
Yk er(@ — Bjx) x% — Yies Aaij+ aj — ;= —¢; — Yer Cjkxok forallj € F

Y@ — B x% + 33 e) Y@ — Bi)x° x%; =

z* —Zje]ijoj —%Zjejzke]cjkxojxok and ajk,,[ﬁ‘jk,aj,ﬁj =0 forj i Ai = O,ﬂ] =
0for alli € B,] E] where Cjk = ij, d]k = dkji ajk = ak]' and ﬁ]k = ﬁk} for a"]
and k

Which is a linear programming problem having large number of variables.

3.  Method

Let us consider the quadratic programming problem
. . . 1
Maximize (z) = f(x) = Zj g cjx; + gzj E]Zkej €JlX Xk
Subject to,Yje;a;;x; < by, foralli €1,j €]
and x; > 0 forallj €] 1)

Now using surplus/slack variables, we have

P 1
Maximize (z) = f(x) = Zje] CjXj + 52, e]zkejcjkxjxk

Subject to,¥je;a;;%; +q;° = by, foralli €1,j €]
and —x; + 1 =0 forallj €] (2)

Now we construct the Lagrangian function
L(x,q, 1, 4,1) = f(x) — [Zier i Zje](aijxj +q;° - bi) — Yjes 1 (—x; +132)]

©)
If we substitute q;2 = s; than the Kuhn Tucker conditions are as follows:
Cj + 21(__-] C]-kxk - Zid/liaij + ‘U,j = 0 for a”] E]
Aisi = 0,u;x; = 0 forall iel,j e ] 4)

The conditions 4;s; = 0, u;x; = 0 are called complementary slackness conditions for the
quadratic programming problem.

These conditions can also be written in the following manner:
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If ZJE] aijx]' < bi then li =0

If x° is any feasible solution of quadratic programming and B is the index set of binding
constraints in (1) with respect to x° (that is B = {i: ¥, a;;x;° = b;}, let L and F denote
the index set of variables defined as L = {j:x;° = 0} and F = {j:x;° > 0}, then using
these notations the complementary slackness conditions can be restate as:

A;=0foralli ¢ B

uj=0foralljeL

We want to make x° an optimal solution of the given QP problem by adjusting the cost
coefficients in the objective function, so replacing the cost coefficients with d,
substituting x = x° and using the complementary slackness conditions in (4) gives the
following characteristics of the cost vector:

dj + Yker djxxi® — Yiep diaij + u; =0 forall je L

dj + Yker djxx® — Yiep liai; =0 forall je F (5)
Now substituting z = z° and x = x° in the objective function of (1) we have

2° =X ey diX; + 25 ¢ Skey djexxi® (6)

Equations (5) and (6) give the characteristics of the new cost vector d. The inverse
problem is to perturb the cost vectors ¢ to d so that the feasible solution x° becomes an
optimal with respect to d such that ||d — c|| is minimum, where ||. || is some selected L,
norm given by ||d — c|| = Zj€1|dj — cj|, so the inverse quadratic programming problem
can be formulated as:

min[Ye;|d; — ;| + Xjej Dcesl e = ]

s.t.

d] + ZKEF djkxko - ZieB /‘{L'aij + ‘Ll] =0 for a”] €L

d] + ZKEF djkxko - ZieB /‘{L'aij =0 for a”jE F

ZO = 21 e]d]-xjo + %ZjE]ZkE]djkxjoxkO fOI’ a”],k eF
and A, u; = 0and dj, = dy; forall j,kforalli € B,j €] (7

This is not a linear programming problem but can be converted into a linear programming

by using a standard transformation. We know that minimizing |d; — ;| and |d;; — c;, |are

equivalent to minimizing a; + ; and a;; + B respectively, subject to the conditions:
dj—¢=a—p;ppq; 20

djr = G = i — Bjk; Uk, Bjx = 0 8)

where dj, = dy;j, aj, = ay; and B, = By; for all jand k.
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Using these transformations in (7) the inverse quadratic programming problem becomes a
linear programming problem and can be rewrite as

min [Zjej(aj +B;) + Zje] ZKE](ajk +Bjx)]
s.t.

¢+a— B+ Sxer(cir + ajx — B )x°r — Dien Ajay; + p; = 0 for all je L

¢ +a;— B+ Yker(Cix + i — B )x°x — Tiep Ajay; = 0 forall je F

2° =3;¢5(¢i + @ — BDX° + 15 ShesCciict aji- Biroxxi forall j,k e F

and ajy Bk, aj, Bj, A,y = 0 and aj = ayj, fjx = By foralli € B,j,k €] 9)

On further simplifying, these equations can also be written as:

min [qu(aj +B;)+ Zje] ZKG](ajk +Bjic)]
s.t.

ZKEF(ajk - ﬁjk)xok — Yiesjai; + a;— B+ 1 = —¢ — Dger X" for all je L
ZKEF(ajk - ﬁjk)xok — DiepAja;; + @ — Bj = —¢; — Yker Cjkxok forall je F

1
Yjes(@; — Bx®; + 35 es Sxeslaji—B)x jx° =20~y jx° ) — 521' e 2key G0 x|l
ajkﬁjk,aj,ﬁj, Al’,ﬂj >0forallie B,jE]
where Cjk = ij'djk = dkj,ajk = ak}',ﬁjk = .Bk] for a”] and k (10)

4.  Numerical example

Let us consider a quadratic programming problem
max z = 4x; + 6x, — 2x,2 — 2x1Xx, — 2X5>
s.t.
X1 +2x, <2
and
xX,%; =0

2 2
1
maxz = ¢1Xq + c,6x, + 52;—1 ZK—ICjkxjk

It can be written as:

s.t.
aq1Xx1 + aqpxy < 2
and
X,%; =0

Where ¢, = 4,c; = 6,¢11 = —4,¢13 = €1 = —2,C605 = —4ay; = 1,00 = 2
and b; =2

X" = a0 = g is the optimal solution with the objective function value z* = 4.16. Let
x,° = 2,x,° = 1is a feasible solution of above QP problem and we want to make x° an
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optimal with the objective function value z° = 4.16. It can be seen that the constraint is
binding with respect to feasible solution x° therefore s; = 0 and also x,° > 0,x,° > 0 4
therefore by the complementary slackness conditions y; = 0 and p; = 0.

The inverse quadratic programming problem is as follows:

min(a; + By + az + B2 + ayq + P11+ 212 + 212 + a2 + B22)
s.t.
a1 - ﬁl + 1.5a11 - 1.5ﬁ11 + 0.250:12 - 025312 - ).1 = 25
_az + ﬁz - 1.5a12 + 1.5ﬁ12 - O.25a22 + 025322 + 2).1 = 2
24‘a1 - 24‘ﬁ1 + 4‘6{2 - 4‘ﬁ2 + 18(111 - 18ﬁ11 + 60!12 - 6312 + 0.50.’22 - O.Sﬁzz
= 32.66

and a4, fq, az, B2, 11, P11, A12, P12, @22, P22, 41 = 0

Solving this LPP using TORA
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we get the solution as

@14 = 2.0220, 8, = 0.9340, 1, = 0.5330,

Therefore the modified cost coefficients are given as:
d11 - C11 + a11 - ﬁll == _4‘ + 20220 - 0 = _19780
dy= c;+a,— P, =6+ 0—0.9340 = 5.0660

and all other coefficients will remain same.

Using these cost coefficients the modified QP problem is as follows:

s.t.

and

max z = 4x; + 5.066x, — 0.9892x,2% — 2x,x, — 2x,°
X +2x, £2

X,%; =0

The optimal solution of modified QP problem is

5.

x, = 1.5,x,= 0.25and z = 4.16
Particular Case

If we substitute ¢;; = 0 for all i,j in original QP problem, it reduces to linear
programming problem and our proposed method reduces for inverse linear programming
problem which is studied earlier by [1].

6. Conclusion

Inverse optimization is an important area in both academic research and practical
applications. Using the inverse optimization this paper suggested an inversed based
methodology for the solution of linear quadratic programming problem. An illustration
observation used to demonstrate the advantage of the new approach.
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